We introduce new Lorentz-symmetry violating kinematics for a four-fermion interaction model, where dynamical mass generation is allowed, irrespectively of the strength of the coupling. In addition, these kinematics lead to a quasi-relativistic dispersion relation, in the sense that it is relativistic in both the infrared and the ultraviolet, but not in an intermediate regime, characterized by the mass M. For two fermions, we show that a flavour-mixing mass matrix is generated dynamically, and the Lorentz symmetric limit M → ∞ leads to two free relativistic fermions, with flavour oscillations. This model, valid for either Dirac or Majorana fermions, can describe any set of phenomenological values for the eigen masses and the mixing angle.
Introduction
The generation of quark, lepton and vector boson masses, as described in the standard model due to their coupling with the Higgs boson, seems confirmed by the experimental results at the Large Hadron Collider [1] , with the discovery of a Higgs-like scalar particle. However, the origin of neutrino masses is still not well established, although the seesaw mechanism seems the most elegant and simple for such a purpose [2] , even if sterile neutrinos have not yet been discovered in Nature [3] .
The possibility of generating neutrino masses dynamically without the involvement of heavy right-handed states is therefore still an open question, although the dimension-5 Weinberg operator [4] provides a simple mechanism to generate neutrino masses, without introducing right-handed fields. We consider here a dynamical mechanism based on Lorentz invariance violating kinematics (LIV), which contains higher-order space derivatives, but keeps one time derivative, in order not to generate ghosts. The kinematics are different than in Lifshitz-type models (see [5] for a review), and our present mechanism involves "quasirelativistic" fermions, in the sense that, in both the infrared (IR) and the ultraviolet (UV), their dispersion relation is almost relativistic, and it differs substantially from relativistic kinematics in an intermediate energy regime only, characterised by a mass scale M.
In addition to the implication of quasi-relativistic kinematics, our present Lagrangian allows the dynamical generation of mass from a four-fermion interaction, however small the coupling strength is. This is not the case for a Lorentz symmetric four-fermion interaction, where a critical coupling is naturally defined by the gap equation (see for example the NambuJona-Lasinio model [6] -NJL). Lifshitz four-fermion interaction models also allow dynamical mass generation for any coupling strength [7] , but with a dispersion relation which implies a large deviation from relativistic kinematics in the UV.
A non-trivial consequence of our model is the analytic properties of the dynamical mass, as a function of the coupling constant. This feature is unusual, since a fermion mass cannot be generated by quantum corrections only, from a perturbative expansion in the Standard Model. Although we make use of a non-perturbative approach to calculate the dynamical mass, an expansion of the result in the coupling constant could be obtained by a one-loop calculation.
We note here other related works. In [8] , for example, the authors identify the LIV dimension 5 operators which lead to cubic modifications of dispersion relations for scalars, fermions and vector particles. More general Lorentz-and CPT-violating terms with arbitrary mass dimension have been studied and classified in [9] and [10] , in the photon and neutrino sectors, respectively. There are also studies considering perturbative and non-perturbative properties of specific LIV higher order operators, for examples see [11] and [12] . Moreover, some studies regarding Lorentz violation in the neutrino sector whether considering higher order operators or not have been performed, many of them regarding neutrino oscillations, such as [13] and [14] .
In section 2 we show the main properties of our model for the massive and massless single flavour case. The possibility to generate masses dynamically for any coupling strength g will be important to recover the Lorentz-symmetric limit when M → ∞. Indeed, the dynamical mass we find is proportional to g 2 M, such that it can be kept fixed if we take the limits M → ∞ and g → 0 simultaneously, in such a way that g 2 M → constant. Also, in this limit, the four-fermion interaction vanishes, leaving us with a free relativistic fermion whose mass has been generated by quantum correction. We believe that the possibility of generating a mass dynamically for all values of the coupling constant, feature which is common to Lifshitz models, is related to superluminality. In our case, as we explain bellow, a dispersion relation which is not superluminal would lead to a finite gap equation which has a non-trivial solution only if the coupling constant is larger than a critical value. Section 3 then generalizes the dynamical mass generation for two fermion flavours, where the relativistic limit M → ∞ consists in two massive free fermions, with a flavour-mixing mass matrix generated dynamically. A similar approach is considered in [15] , where fermions interact with a LIV Abelian gauge field, which plays the role of regulator and eventually decouples from fermions in the Lorentz symmetric limit.
In section 4 we extend our results to Majorana fermions, in both situations where either only left-handed neutrinos are present or additional sterile right-handed neutrinos are included.
Conclusions and outlook are presented insection 5, and two Appendices give technical details on (i) a microscopic gravitational model, based on the analysis of [16] , which motivates our study; (ii) the effective action for the auxiliary field which is introduced in section 2.2.
2 Single-flavour case
Massive model and classical properties
The fermion sector of the Standard Model Extension [10] can be expressed in the form
where Q contains the LIV terms, and can be expanded on a basis of gamma matrices
In the previous expansion, A, B, C µ , D µ , E µν can contain any number of derivatives, including terms which are either odd or even under the discrete symmetry CPT. The different coefficients associated to these terms can arise from vacuum expectation values (vev) of tensors of different ranks, and should satisfy upper bounds for Lorentz symmetry violation, imposed by experiments [17] . We consider here the specific case
• a = 0 and c = 0: In this case the Lagrangian (5) is equivalent to a z = 3 Lifshitz theory, where time has been rescaled by M 2 , and ω 2 ≃ p 6 /M 4 in the UV. We do not consider this situation here, since we wish to avoid such a deviation from relativistic kinematics in the UV;
• a = 0 and b = c = 0: The energy is a decreasing function of the momentum for p 2 > M 2 , which is an unphysical situation we will discard;
• a = 0, b = 0 and c = 0: Here the energy goes to a constant value in the UV ω 2 ≃ (bM/a) 2 . We also discard this possibility, since it leads to group velocity which goes to 0 when p → ∞;
• a = 0 and c = 0: In this situation, the UV regime is relativistic since ω 2 ≃ (cp/a) 2 and only the intermediate regime p ∼ M is not relativistic. This is the situation this article focuses on.
If we impose ω to be an increasing function of p, the different constants in the model (5) must satisfy 2b
and without loss of generality 1 we shall choose a = c = 1. The product of the group and phase velocities is then
The latter expression shows that, for a typical Standard Model mass m and a typical Planckian mass M, the upper bound for Lorentz symmetry violation [17] 
is satisfied for p 10 −8 M (if b is of order 1), which although far outside the current range of energies available experimentally in the laboratory, approaches the Greisen-Zatsepin-Kuzmin cut off limit of high energy cosmic rays. However, as shown in the microscopic model of Appendix A, the scale M is inversely proportional to the density of defects in the quantumgravity "foam" medium, and as such, for low density media the scale M may be considerably greater than the Planck scale, thereby avoiding any phenomenological constraints. Finally, the dispersion relation (6) is similar to a resummation of higher-order powers of the momentum p, although the Lagrangian (5) is local and contains a finite number of space derivatives.
The bare propagator S for the model (5) is
and we note that, if b = 0, its trace does not vanish in the massless case m = 0, which will be important for the analytical properties of the dynamical mass, as explained bellow.
Massless model and dynamical mass generation
We study here the possibility to generate a mass dynamically, in the situation where the bare mass m vanishes. We consider the usual approach which consists in introducing a Yukawa coupling of fermions to an auxiliary field φ, integrate over fermions, and look for a non-trivial minimum for the effective potential V (φ), which leads to a mass term in the original Yukawa interaction. This approach neglects fluctuations of the auxiliary field about its vev, but these can be omitted when g 2 → 0 that we consider for the Lorentz symmetric limit (see next subsection).
We consider then the intermediate Lagrangian
for which the integration over φ leads back to the original model (5) with a = c = 1. Note that the auxiliary field does not propagate at the tree level, and its large mass is an important feature of this approach to dynamical mass generation, because it suppresses fluctuations of φ about its vev φ 1 , such that gφ ≃ gφ 1 can be identified with the fermion mass. As a consequence, it is sufficient to consider a homogeneous configuration for φ, in order to calculate the effective potential V (φ) and its minimum φ 1 . Nevertheless, the field φ can be physically interpreted as a scalar collective excitation of the original fermionic fundamental degrees of freedom, whose kinetic term is generated by integrating out fermions, if one allows φ to depend on spacetime coordinates. We derive this kinetic term in Appendix B, where we show there that it vanishes in the Lorentz-symmetric limit considered in the next subsection, which is consistent with the assumption that φ is frozen to its vev φ 1 in this limit. From the Lagrangian (11), the integration over fermions for a homogeneous field φ leads to the effective potential
The gap equation is obtained from the minimization of the potential (dV 1 /dφ) φ 1 = 0, which, after a Wick rotation, gives
and leads to the dynamical mass m dyn = gφ 1 . The integration over frequencies in eq. (13) leads to
where x = p/M and µ = m dyn /M. We note that, if b = 0, the gap equation (14) does not have a vanishing solution µ = 0 unlike the case in conventional studies of dynamical mass generation. Also, if we consider b = 0, then the remaining integral in the gap equation (14) is convergent, and the existence of a non-vanishing dynamical mass requires the coupling constant g to be larger than some critical coupling (we note that b = 0 also coincides with a subluminal product v p v g in eq. (8)). We disregard this possibility, since we eventually will take g 2 → 0 for the Lorentz-symmetric limit. We therefore consider from now on b = 1, and regularize the gap equation (14) by M, such that the domain of integration in the gap equation is 0 ≤ x ≤ 1. An expansion of eq. (14) in µ gives then
where
Taking into account g 2 << 1, we obtain finally
We checked that the solution (15) indeed corresponds to a minimum of the effective potential (12) . An interesting point to note is that the dynamical mass (15) is analytic in the coupling constant g 2 , unlike the situation of Lifshitz 4-fermion interaction [7, 19] , where a dynamical mass has the typical non-analytic form
where a is a constant. We note however that the expression (15) consists of a resummation in powers of g 2 and goes beyond a one-loop calculation. Nevertheless, the approximate result (17) can be obtained from the usual one-loop correction to the fermion mass. This feature is specific to the LIV propagator (10), whose trace does not vanish, even in the massless case. We are therefore in the unusual situation where a fermion mass generated dynamically can be derived using a perturbative expansion, whereas a mass of the form (18) can be obtained from a non-perturbative approach only.
For completeness, we give the expression for the dynamical mass when b = 1:
We note that the limit b → 0 continuously leads to the vanishing solution of the gap equation (14) when b = 0, as in a first order phase transition, and the non-trivial solution (involving a critical coupling) is not recovered. In addition, the situation b << 1 leads to a suppression of LIV effects in the dispersion relation (6), and thus might be more relevant than the case b >> 1. The limit b << 1 is also supported by the microscopic model described in Appendix A, in which b = m Mb
, withb an arbitrary real number. In the limit m ≪ M we are considering throughout, natural values ofb imply the case b ≪ 1. Moreover, in this limit, the physical irrelevance of the precise numerical value of the constant b, as long as b = 0, becomes evident by the fact that it can be absorbed in a redefinition of the coupling g which is taken eventually to zero. This is in agreement with b being attributed to quantum ordering ambiguities in the microscopic model.
Lorentz symmetric limit
An important point, which differs from the NJL model for example, is that dynamical mass generation occurs here for any coupling strength, and no critical coupling exists, bellow which this non-perturbative process does not occur. This feature allows us to take the Lorentz symmetric limit of the model, M → ∞, in such a way that the dynamical mass (15) remains finite, provided that g depends on M as
where m dyn is fixed.
In this simultaneous limit, where the product Mg 2 goes to a finite value, we are left with free relativistic massive fermions, for which the mass has been generated by quantum corrections. A similar limit is considered in [15] , where the dynamical mass has the form (18) though.
Because the model (5) violates Lorentz symmetry, space and time derivatives are dressed differently by quantum corrections, which is problematic when several species interact [20] , as we consider in the next section 2 . Indeed, it has been shown, in different Lifshitz models for example, that loop corrections to classical dispersion relations lead to worse deviations from Relativity than the classical dispersion relation [18, 19, 20, 21] . But since a consistent Lorentz symmetric limit in our case implies g 2 → 0, loop corrections to the kinetic terms in the model (5) eventually vanish in this limit, such that the classical upper bound (9) for Lorentz violation remains satisfied.
To illustrate this point, let us calculate the superficial degree of divergence D of an Lloop graph Σ (L) contributing to the self energy. Each loop integral measure carries the mass dimension 4 and each propagator (10) has mass dimension -1. The corrections p 2 /M 2 are at most equal to 1, since integrals are regularized by M: they do not play a role for the superficial degree of divergence. Hence D = 4L − I, where I is the number of internal propagators. Momentum conservation leads to L = I − V + 1, where V is the number of vertices. Also, since each vertex has 4 legs, and each internal propagator relates two vertices, we have 4V = E + 2I, where E is the number of external propagators. As a consequence, we have, as for the usual NJL model,
In our case though, each vertex brings a factor g 2 /M 2 , hence for the self energy (E = 2) we have
Taking into account the limit (20), we finally obtain
The first non-trivial loop corrections to the kinetic terms occur at two loops, since the one-loop self energy is independent of the external momentum. As a consequence we are interested in L ≥ 2, and for a fixed dynamical mass m dyn , the property (23) therefore shows that the loop correction Σ (L) goes to 0 when M → ∞: quantum corrections to the kinetic terms vanish in the Lorentz symmetric limit (20) .
Two-flavour case and dynamical flavour oscillations
We extend here our model to a massless fermion doublet Ψ, which is self interacting via the flavour-mixing coupling matrix τ
and we show that flavour oscillations are generated dynamically.
Minimization of the effective potential
The Lagrangian containing the auxiliary field, equivalent to the original Lagrangian (24), is
and, in order to integrate over fermions, we should first find the eigen values, in flavour space, of the operator
These are
where the eigen values h ± of the coupling matrix τ are given by
The effective potential for the auxiliary field is therefore
and its minimization (dV 2 /dφ) φ 2 = 0 leads to
The integration over frequencies leads to the following gap equation, regularized by the mass scale M,
where x = p/M and κ = φ 2 /M. An expansion in κ gives
where α is given by eq. (16) . Taking into account h ± << 1 we finally obtain
This value for the minimum of the potential gives the dynamical mass matrix, as we see in the next subsection.
Dynamical flavour oscillations
From the previous results, the mass matrix M = κMτ dynamically generated is
such that the mass eigen values m ± = κMh ± and the mixing angle θ are given by
From this we can express the dimensionless couplings g i as
Therefore one can write the couplings g i in the form
where the constants a i are completely fixed by the experimental values for m ± and θ. This expression shows the explicit dependence of the couplings g i on the scale M, for the Lorentz symmetric limit M → ∞ to be taken, in such a way that we are left with two relativistic free fermions, for which flavour oscillations have been generated dynamically. Therefore any set of values for m ± and θ can be described by the Lorentz-symmetric limit of our model, by considering the coupling constants (37).
We can now discuss the oscillation probability, i.e. the probability for a neutrino to change from one flavour, say, ν β 1 into another ν β 2 , during its propagation in vacuo. Generically, for the two flavour case, it is given by the following expression [22] :
where t is the time in which the neutrino arrives at the detector after leaving the source at t = 0 and E ± are the energy of each neutrino mass eigenstate. In the usual, Lorentz invariant case, E ± ∼ p + m 2 ± /2p + . . . , for m ± ≪ p, with p the momentum of the relativistic neutrino, so one derives the standard relativistic result
where with E ≃ p and t ≃ L for relativistically fast neutrinos, L being the distance between the source and the detector. In our case, using the dispersion relation (6) and considering, as usual, m 2 ± /p 2 ≪ 1 and m ± /M << 1, we find
Therefore, the corresponding oscillation probability can be written as
. (43) where we took into account that, on account of (36) and (37), sin −2 (2θ) is just the denominator of the right-hand-side of (43). According to eq.(39), the argument of the sine in the middle equation (43) goes to a finite limit when M → ∞, since it is proportional to the finite M 2 g 4 i , i = 1, 2, 3, and so does the denominator in the expression of the right-hand-side of (43). We also note that the first term on the argument of the sine in the middle equation (43) is the usual relativistic expression, while the second term is the first contribution coming from the Lorentz-violating features of our model. Such a second term goes to zero when M → ∞, and (43) reduces to the usual relativistic oscillation probability (41) in Lorentz-invariant vacuo, as expected. On the other hand, for finite M, e.g. the case of the microscopic string model of Appendix A, the second term in (42), linearly suppressed by M, may have phenomenological consequences, for M as large as Planck mass, M Pl , as discussed in [23] .
Majorana fermions
Although there is no certainty whether neutrinos are Dirac or Majorana particles, it is likely that they are Majorana fermions. Based on this possibility, we present, in the following sections, two ways of extending the previous results to the case of Majorana fermions, specifically neutrinos.
Left-handed Majorana fermions
A Majorana fermion obeys the following relation
known as the Majorana condition, where C is the charge conjugation operator [22] . As a consequence, the chiral components of a Majorana field are not independent as for Dirac fields, actually, if ν L is the left-handed component of a Majorana field, then its right-handed component is simply given by ν R = (ν L ) c . Moreover, from these fields it is possible to construct a Majorana mass term, which for two flavours, has the following form
where M M is a 2 × 2 symmetric mass matrix and β i represents the flavour of the field. On the other hand, the flavour eigenstates can be transformed into mass eigenstates by using a unitary mixing matrix U, so that the Majorana mass term above is then diagonal and we find L
c is the Majorana field. In a similar way, we can express the kinetic term of (24) when Ψ → ν L in terms of the mass eigenstates ν j , such that
From now on, we consider the model given by (24) with Ψ → ν L written in terms of the mass eigenstates, so that the kinetic term is given by (47). In addition, we assume that the matrix τ in (24) is diagonal, i.e. g 3 = 0. Thus, the calculations follow in the same way as in the previous section, with the only difference of factor 1/2 in the kinetic term (47), which leads to the minimum
and the following masses for left-handed Majorana fermions are generated
Moreover, since g 3 = 0, no term presenting a mixture of mass eigenstates is generated. However, once we want to express this solution in terms of the flavour eigenstates which are coupled to the SU(2) L gauge field of the standard model, flavour mixing will be naturally generated and oscillations will be allowed.
Seesaw-type extension
We consider here the existence of right-handed sterile fermions (neutrinos), in addition to left-handed active ones, and provide a seesaw-type extension of our original model.
The main idea is to consider the model given in eq. (24), however, by choosing the fermion doublet Ψ to represent a left-handed (v L ) and a right-handed Majorana field (N R ) instead of two Dirac fields or two left-handed Majorana fields, as in the previous sections. Thus, in this case, we are working with one generation only. This configuration allows us to construct two different kinds of mass terms:
where m L,R are Majorana mass terms and m D is the usual Dirac mass term.
The solutions of this case should be the same as the ones we found for the original model with Dirac fermions, however, if we consider g 1 = 0 and g 3 ≪ g 2 , the mass matrix below is generated
with the following eigenvalues
These results imply that the heavier the right-handed fermion, the lighter the left-handed one, as in seesaw-type mechanisms.
In the original seesaw mechanism the mass term m D is generated via the Higgs mechanism, while the term m R is generated via an unknown (non-standard model) mechanism. In the case described here, the Higgs mechanism is not needed to generate the Dirac mass term m D (although, it can also be easily included in the model) and m D as well as m R is generated by the mechanism described in this paper.
Conclusion
In this work we have shown that flavour oscillations among neutral fermions, representing neutrinos, can arise dynamically from LIV operators, and that the Lorentz symmetric limit can be recovered consistently, keeping dynamical masses as finite IR effects. We stress here the importance of the procedure: starting from a finite LIV mass scale M and finite fourfermion coupling g 2 /M 2 , we study the dynamical generation of masses, to eventually consider the simultaneous limits M → ∞ and g → 0, in such a way that the dynamical masses remain finite. The original LIV Lagrangian can therefore be interpreted as a regularized model from which masses are generated, after the regularization is removed consistently. The originality of our model therefore consists in generating flavour oscillations from quantum corrections, and not tree-level processes. These corrections imply finite effects in the IR, even after removing the original LIV regulator, in order to recover the Lorentz-symmetric limit.
An additional remark related to the structure of the Standard Model is the following. One could think that the introduction of such LIV terms in the neutrino sector can somehow bring unwanted consequences for the charged leptons. But it is important to note that the higher-order derivative terms added in the neutrino sector are not invariant under U(1) gauge transformations, unless one introduces new interactions which are not renormalizable, such that then these LIV terms are not allowed in the charged lepton sector. Thus, the present model does not directly imply new physics for charged leptons. Nevertheless, one can still expect radiative corrections on charged leptons, because of their interactions with neutrinos through Weak gauge bosons. But such new effects are suppressed by the mass scale M, which eventually is taken to infinity. Therefore, it needs to be emphasized that the only observable effect of the present Lorentz violating model is the dynamical generation of neutrino oscillations.
An extension of the present work consists in deriving in detail the four-fermion interaction from a microscopic LIV gravitational model. This interaction might be generated by the Dparticle microscopic model described in Appendix A, but also from an alternative theory to General Relativity, which breaks 4-dimensional diffeomorphism symmetry, as Horava-Lifshitz Gravity for example [24] . The corresponding detailed phenomenology of such models remains to be seen.
We close by stressing again that, at present, the origin of neutrino masses and their hierarchy is not known, despite the existence of compelling theoretical scenarios, such as the seesaw mechanism. It is therefore not impossible that dynamical phenomena, like the ones discussed in this work and possibly originating from a more fundamental gravitational theory, are responsible for the tiny neutrino masses and the associated hierarchies and oscillations.
individual scatterings of the open string with the medium of D-particles with density n ⋆ . The induced metric is therefore of Finsler type, as it depends on momenta. This implies modified dispersion relations for the low-energy excitations on the brane universe, with LIV modifications suppressed by an appropriate inverse power of the 'effective mass scale"
where M s /g s is the mass of the D-particle defects, M s is the string scale (which may be viewed as the 'quantum gravity scale'), and g s < 1 is the weak string coupling. For the case of fermions, at tree-level in string theory, that is considering open strings (representing excitations on the brane universe) propagating on a world-sheet with the topology of a disc, the detailed analysis of the low-energy effective field theory in the D-particle medium has been performed in [25] , with the result that the kinetic part of the pertinent Dirac action for generic relativistic fermions of (bare) mass m in the background (54) reads:
where we have taken into account that the determinant g of the deformed metric is (1 + u i u j δ ij ), and the recoil velocity is given by eq.(54). We may next consider an average over ensembles of D-particles in a situation where the momentum transfer variable r in (54) is stochastic [16] ≪ r ≫= 0 , ≪ r 2 ≫ = 0 (57)
In such stochastic "foam" situations, then, the effective mass scale M (55) can be understood as an average effect M ∼ M s /g s ≪ (n ⋆ r) 2 ≫. Applying these ideas to the present case of fermion field propagation in such a stochastic D-particle medium, we may next sum over world-sheet genera, which represents quantum effects of the string. Such a summation implies the replacement of the momentum p i appearing in the definition (54) of the recoil velocity by a quantum mechanical operator
in units of = 1 we are working on. This implies that u i in (56) is now a derivative operator and thus normal ordering ambiguities arise [16] . Specifically, one first writes ψ(. . . u i u j δ ij )ψ = (1 −c)u i u j δ ij ψ(. . . )ψ + ψcu i u j δ ij ψ ,
wherec some real number; upon the canonical quantisation (58) the recoil velocity (54) becomes an operator, hence
The parts of the operator ∆ to the left of the fermion ψ in (59) yield total spatial derivatives in the effective Lagrangian which are irrelevant in the flat Minkowski background space-time.
